Let N Φ(K) be the niltriangular subalgebra of Chevalley algebra over a field K associated with a root system Φ. We consider certain non-associative enveloping algebras for some Lie algebra N Φ(K). We also study the problem of enumeration of standard ideals in algebra N Φ(K) over any finite field K; for classical Lie types this is the problem which was written earlier (2001).
Introduction
Any Chevalley algebra over a field K is characterized by a root system Φ and a Chevalley basis consisting of elements e r (r ∈ Φ) and a base of suitable Cartan subalgebra [1, Sec. 4.2] . We fix a positive root system Φ + ⊆ Φ. The subalgebra N Φ(K) with the basis {e r | r ∈ Φ + } is said to be a niltriangular subalgebra. In the present paper we consider the following problem.
(A) Find the number of standard ideals of Lie algebra N Φ(K) over any finite field K.
For classical Lie types this problem has arisen earlier as Problem 1 in [2] . In these cases Problem (A) had been solved recently by G. P. Egorychev, V. M. Levchuk, and the author. Standard ideals of a Lie ring N Φ(K) are distinguished in Sec. 1.
Main Theorem 2.1 in Sec. 2 solves Problem (A) for exceptional Lie types.
Also, we study enveloping algebras of Lie algebras N Φ(K). According to [3] , an algebra R = (R, +, ·) (possibly, non-associative) is called an enveloping algebra of a Lie algebra L if L is isomorphic to the algebra
(See also Lie-admissible algebras [4, 5] .) The well-known enveloping algebra R of Lie algebra N Φ(K) [3, Proposition 1] has also base {e r | r ∈ Φ + } and its choice depends on signs of structural constants of Chevalley basis.
The representation [6] of Lie algebra N Φ(K) of classical Lie types determines uniquely their enveloping algebra R. If Φ ̸ = D n , then all ideals of such enveloping ring R are exactly standard ideals of Lie ring N Φ(K). By [3] , it is not true for Lie type D n (n 4) and, as a corollary, for Lie types E n (n = 6, 7, 8).
As it is shown in the following section, there exist enveloping algebras of type F 4 both having nonstandard ideals and not having them.
We use standard notation from [1] . Let ht(r) be the height of r ∈ Φ. The highest root in Φ + is denoted by ρ. The Coxeter number h of Φ is defined by ht(ρ) + 1 = h(Φ) = h.
Ideals and enveloping algebras of Lie algebra N Φ(K)
The definition of an enveloping algebra R of an arbitrary finite dimensional Lie algebra L (see Introduction) shows that both algebras can be constructed on the same vector space. Also, every ideal of the enveloping ring R is an ideal of the Lie ring L.
In this section we study certain enveloping algebras of a Lie algebra N Φ(K) and their ideals. According to [ We distinguish the following ideals in a Lie algebra N Φ(K) putting on r s (r, s ∈ Φ + ) if s − r is a linear combination of simple roots with nonnegative coefficients: 
is said to be a set of corners in H. By [7] , a set F(H) is said to be a frame of H if
Q(r)
) .
An ideal H of a Lie ring N Φ(K) is said to be standard if H = F(H) + Q(L).
Evidently, all standard ideals of Lie ring N Φ(K) are ideals of any enveloping ring R from Proposition 1.1
The representation [6] of Lie algebras N Φ(K) of classical Lie types determines uniquely their enveloping algebra R. All ideals of such enveloping ring R for Φ ̸ = D n are exactly standard ideals of Lie ring N Φ(K). By [3] , it is not true for Lie type D n (n 4) and also, as a corollary, for Lie types E n (n = 6, 7, 8). We now show that both cases are possible for Lie type F 4 . For the root system Φ of type F 4 , we need notation from [8] . The positive root systems of types B n and C n [9, Tables I-IV] can be written, respectively, as
Then the positive system F 
Also, we use the following diagram from [8] . (The roots are accompanied by the notation (abcd) from [9, Table VIII ].) Fig. 1 . The positive roots of the system F 4
The relation q 32 ≺ q 21 ≺ q 10 ≺ p 32 of simple roots determines uniquely the ordering ≺ (Fig. 1) . Using Proposition 1.1 choose an arbitrary enveloping algebra R for Lie algebra N Φ(K) of type F 4 . Recall that an ideal H of R is standard iff Q(r) ⊆ H for all r ∈ L(H).
It is clear that if M is a subset in an ideal H of R and F(M
T (r), 1 i < h. It is not difficult to prove the following lemma.
Lemma 1.1. Every ideal H ⊆ L 4 in the enveloping ring R is standard.
Now we construct algebras R i from Theorem 1. By choosing arbitrarily the remaining structural constants N rs we obtain the algebra R 1 . One can see that ideals in the algebra R 1 of the form
are nonstandard. Moreover, It can easily be checked that all other ideals in the algebra R 1 are standard.
Lemma 1.2. The algebra R 1 has nonstandrd ideals and they are exhausted by ideals (2).
Further, we use the following lemma to construct algebra R 2 which is not isomorphic to R 1 .
Lemma 1.3. All ideals in the ring R are standard if the following equalities are satisfied:
Proof. The proof is by direct calculation.
To construct algebra R 2 , as before, assume ( By choosing arbitrarily the remaining structural constants N rs we obtain the algebra R 2 . Lemma 1.4. All ideals in the algebra R 2 are standard.
Finally, by combining Lemmas 1.2 and 1.4 we prove Theorem 1.1.
The completion of problem's (A) solution
Denote by N Φ(q) the algebra N Φ(K) over finite field K = GF (q). Problem (A) of enumeration of standard ideals in Lie algebras N Φ(q) had been recently solved for classical Lie types (as Problem 1 in [2] ) by G. P. Egorychev, V. M. Levchuk, and the author. In these section we complete the solution of Problem (A).
The following theorem gives the solution of Problem (A) for exceptional Lie types. 
The second term in ( 
Besides the solution of Problem 1 for type A n , [10] provides the formula
In his paper [11] , G. P. Egorychev has found a simpler form of this formula. 
By using Lemma 2.1 we immediately obtain Ω(Φ, q) = q + 7 for type G 2 . In the remaining cases, we obtain the numbers B(Φ, m) by using the representations of 
